SIEVE METHODS IN GROUP THEORY I: 
POWERS IN LINEAR GROUPS 

ALEXANDER LUBOTZKY AND CHEN MEIRI 

'- ' Abstract. A general sieve method for groups is formulated. It enables one to 

I^ "measure" subsets of a finitely generated group. As an application we show that 

, if r is a finitely generated non virtually-solvable linear group of characteristic zero 

^ then the set of proper powers in F is exponentially small. This is a far reaching 

*~~5 strengthening of the main result of |HKLS| . 

a\ 

p/] 1. INTRODUCTION 

^ The sieve method is a classic one in number theory (see, for example, [Fl]). Re- 

1-^ cently it found some applications in non-commutative setting. On the one hand, 

^ Bourgain-Gumburd-Sarnak |BGSlj applied it in studying almost-prime vectors in 

tn orbits of non-commutative groups acting on Z". On the other hand, Rivin [Ri] and 

Kowalski |Koj used it to study generic properties of elements in the mapping class 

group and arithmetic groups. Our formulation of the sieve method generalizes and 

simplifies the second one and usually falls under the name 'Large Sieve'. The goal 

\0 of this introduction is to state the general large sieve setting with respect to group 
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theory and to serve as a guideline for the proof of Theorem A below. We start by 
describing the algebraic problem and its background. After that, we explain how 
random walks and sieve methods are used in its solution. 

A virtually nilpotent group is a group which contains a nilpotent subgroup of finite 
index. Mal'cev proved: 

Theorem 1.1 (Mal'cev |Mal] ) . LetT be a finitely generated virtually nilpotent group. 
Then, for every m > 1 the set of m-powers F™ := {g"^ \ g E T} contains a finite 



"^ index subgroup of T. 



The converse is not true, even not for finitely generated groups: For every prime 
p, Golod and Shafarevich built a finitely generated residually finite infinite group 
F such that the order of every element of F is a power of p. In particular, if m is 
coprime to p then any element of F is an m-power. 

Yet, in |HKLSj two kinds of partial converse results were proved: 

Theorem 1.2 (Hrushovski-KrophoUer-Lubotzky-Shalev |HKLS] ). LetT be a virtu- 
ally solvable group. Ifn>2 and U^^gT™' contains a finite index subgroup ofV then 
F is virtually nilpotent. On the other hand, there exists a solvable group F which is 
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not virtually nilpotent and still there exists m > 2 such that T"^ contains a coset of 
a finite index subgroup. 

Theorem 1.3 (Hrushovski-KrophoUer-Lubotzky-Shalev |HKLSj ). LetT be a finitely 
generated linear group. If n > 2 and finitely many tessellates of U5^^2r'" cover T 
then r is virtually solvable. 

The formulation of the second theorem of |HKLSj suggests a stronger resuh, i.e. 
does the fact that finitely many tessellates of the set of all proper powers LS'^^2^"^ 
cover r imply that F is virtually solvable? But the methods of |HKLSj are not 
suitable for handling all proper powers together. The reason is that the proof uses 
only local data of F, i.e., the images of U^^gT"* in finite quotients of F, and it is 
clear that the image of Uj^^gr'" in such a quotient is the full quotient group (take 
m to be coprime to the size of the finite quotient). Thus, to extend the theorem to 
the case of all proper powers one need to combine the local data with some global 
data on the group and its elements. A way to do this is to use random walks as we 
shell explain below. 

A finite subset S of F is called admissible if it is symmetric, i.e S = S^^, and 
the Cayley graph Cay(F, S) is not bi-partite. Let E be an admissible generating 
subset of F. Random walks on Cay(F, S) can be used to 'measure' a subset Z C F 
by estimating the probability Probs(u'fe G Z) that the fc^'^-step of a random walk 
belongs to Z for larger and larger values of fc's. We say that Z is exponentially small 
with respect to S if there exist constants c, a > such that Prohs^Wk & Z) < ce~"'^ 
for all /c e M. The set Z is called exponentially small if it is exponentially small with 
respect to all admissible generating subsets. It is not hard to see that if a subset is 
exponentially small then finitely many tessellates of it cannot cover F. Thus, our 
first theorem is the desired extension: 

Theorem A. Let F be a finitely generated subgroup o/GL„(C) which is not virtually- 

oo 

solvable. Then the set of proper powers U F™ is exponentially small in F. 

m=2 



Despite of Theorem 1.3, Theorem A is somewhat surprising: The set U^^gr"* is 
dense in the profinite topology of F (as explained above) and still it is exponentially 
small. 



A reduction process, given in subsection 5T, shows that it is enough to prove 
the claim for a finitely generated subgroup F of GL„(Q) whose Zariski-closure is 
semisimple. In order to avoid the technical difficulties we will focus for now on the 
case where F is a Zariski-dense subgroup of SLn(Q). Fix such a subgroup F and some 
admissible generating subset S. For fc G N only the elements of F which belong to 
the ball of radius A;, i3s(^), can occur as the /c*^-step of a random walk on Cay(F, E). 



As in |LMRj . we use in Lemma 4.3 arguments involving matrices norms and number 
theory to show that if k is large enough and g G B-s{k) is a proper power then g 
is either virtually-unipotent (i.e. some positive power of g is unipotent) or g is an 
m-power for some 2 < m < /c^ (in fact, for some 2 < m < ck where c is a constant 
depending on S). 
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The advantage in considering random walks is now clear. By considering only 
proper powers which can occur at the A;*^-step of a random walk we only have to 
look at virtually-unipotent elements and at finitely many powers. Thus, we can 
divide the proof into two parts, each of them can be proven by looking at the finite 
quotients. 

The first part is to show that the set of all virtually unipotent elements (not 



necessarily proper powers) is exponentially small. Proposition 2.7 shows that if 
V{C) is a proper subvariety of SL„(C) defined over Q then V{C)r\T is exponentially 
small. In turn. Corollary |2. 8 implies that the set of virtually unipotent elements of 



r is contained in a proper subvariety of SL„(C) defined over 

The second part is to find positive constants 7 and r such that for every k > r 
and every 2 < m < k"^ we have Probs(u'fc G F™) < e~'^'^. Indeed, if such constants 
exist and a is a positive constant strictly smaller the 7 then for large enough k 

ProbsK e U2<„<fe2r"^) < fc^e-^^ < e-"^ 

However, for every m > 1 the set of m-powers is Zariski-dense in SL„(C) so we can 
not use the same argument as for the first part. This brings us to the large sieve 



method. Corollary 3.3 gives the general quantitative statement of this method while 



Theorem B stated below is an easy consequence which is suitable for now. 

Theorem B. Let T be a group generated by a finite symmetric set S for which 
Cay(r, S) is not bi-partite. Let {Nj)j>2 be a family of normal finite index subgroups. 
Let Z cr and assume that: 

1. r has property-T w.r.t to the family {iVj fl Nj \ i,j > 2}. 

2. The sequence {\^/Nj\)j>2 grows polynomially in j . 

3. \r/Ni n Nj\ = \r/Ni\\r/Nj\ for distinct i and j . 

4. There exists c > such that \ZNj/Nj\ < (1 — c)|r/A^j| for every j > 2. 

Then there are positive constants 7 and r depending only onH, c and the growth of 
(|r/A''j|)j>2 such that Probs(wfc E Z) < e~"'^ for every k > r. In particular, Z is 
exponentially small. 

Returning to our case, F is a Zariski-dense subgroup of SL„(Z). Fix m > 2 and 
define Z^ to be the set of ?7i-powers. We start by verifying the conditions of Theorem 
B in order to bound PTohj]{wk € Zm)- For every prime p define Mp := kerTTp where 
TTp : F — 7- SL„,(Z/pZ) is the modulo-p homomorphism. Let V be the set of primes. 
Then, F has property-r w.r.t to the family {MpdMq | p, 5 G V} by the recent result 
of Salehi-Golsefidy and Varju [SGV]. In fact, for our special case the work Varju |Va] 
is enough. The Strong Approximation Theorem of Wiesfeiler |Wej and Nori |No] 
implies that Up and q are distinct large enough primes then vrpg(F) = SL„(Z/pgZ). 
Recall that SL„(Z/pgZ) is isomorphic to SL„(Z/pZ) x SL„(Z/j9Z) so |F/MpnM^| = 



|F/Mp||F/Mg| for distinct large enough primes p and q. Lemma 4.1 shows that 
if p is a prime which belongs to the sequence (1 + mi)i>s where s := 3(2) then 
kp(Zm)| < (1 - 6^) kp(F)|, so we can take c := g^. Let {pi)i>2 be an ascending 
enumeration of the large enough primes which belong to the sequence {l+mi)i>s and 
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define iVj := ker VTp^. Then, F has property-r w.r.t to the family {Ni ft Nj \ i,j > 2} 
and \ZNj/Nj\ < (1 — c)|r/A''j| for every j > 2. The last condition left to verify 
is that (|r/iVj|)j>2 grows polynomially. Since ir/A^jl < p" the question about the 
growth of {\^/Nj\)j>2 translates to a question about the density of the primes in 
the sequence (1 + mi)i>s- We use a quantitative version of Dirichlet's Theorem 



about primes in arithmetic progression (see Theorem 3.4 and Corollary 3.5 below) 
to estimate this density and to show that {\^/Nj\)j>2 grows polynomially. Thus 
all the conditions of Theorem B hold and there are positive constants 7 and r for 
which Probs('u;fc G Z^) < e~'^^ for every k > r. In fact, a more detailed study of 
the growth of (|r/iVj|)j>2 shows that the 7 and r are independent of m provided 
m < k"^. The (sketch of the) proof of the special case is now complete. 

The main difficulty in the proof of the general case lies in proving the existence 
of the constant c needed in Theorem B. This requires a delicate analysis of the au- 
tomorphism groups of almost simple groups. We dedicate Section [6]to this analysis, 
which though quite technical, might be of interest on its on. A non-quantitative 



version of main theorem of Section^ (Theorem 6.16) is 



Theorem C. Fix d,l,r G N+. Then there are coprime a,b E N^ and a positive 
constant c such that for every prime p which belongs the arithmetic sequence {a + 
bj)j>i the following claim holds: 

Let G be a finite group with a non-trivial normal subgroup H . Furthermore, 
assume that H is isomorphic to the direct product of at most r copies of finite 
simple groups of Lie type of rank I over the field F^d with p'^ elements. Then for 
every coset L of H we have \{g"^ | (7 G L}| < (1 — c)|L|. 

The current paper is a first in a series of three (see |LuMel] and |LuMe2] ) in which 
the same sieve method is applied to obtain results on the mapping class group and 
on the automorphism group of a free group, respectiviliy. It seems that Theorem B 
has the potential of having more applications in group theory (see also |Lu2j ) . 

Acknowledgments. The authors are grateful to the ERC and the ISF for par- 
tial support. They also want to thank Emmanuel Breuillard, Dorian Goldfeld, Em- 
manuel Kowalski and Ron Peled for useful conversations. 

2. Random walks, expanders and unipotent elements 
2.1. Random Walks. 

Definition. Let T be a group. A multi-subset HofTis called symmetric if for every 
s G S the number of times s occurs in E equals to the number of times s~^ occurs in 
S. A finite symmetric multi-subset T, of T is called admissible if the Cayley graph 
Cay(F, E) is not bi-partite, e.g. the identity belongs to S. 

Fix an admissible generating multi-subset S = [si, . . . ,S|e|] of a group F. Since 
S is a multi-set, Cay(F, E) might contains self loops and multiple edges. Let S C F 
consists of the elements which belongs to S. Note that Cay(F, S) is connected if 
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and only if S generates F and Cay(r, S) is bi-partite if and only if S satisfies an 
odd relation, e.g. contains the identity. 

A walk on Cay(r, S) is an infinite sequence of edges {ek)k£N+ such that the initial 
vertex of ei is the identity and the terminal vertex of e^ is the initial vertex of 
e/c+i for every k G N^. The initial vertex of Ck+i is called the fc^'^-step of the walk, 
in particular, wq is the identity. The set of walks W(S) can be identified with 
{1, . . . , |E|}^. Hence, the uniform probability measure of {1,...,|S|} induces a 
structure of a probability space on W(S). Once W(E) becomes a probability space, 
the term 'random walk' has a natural meaning. However, it is sometimes useful to 
think of a random walk on Cay(r, S) as constructed as follows: The random walk 
starts at the identity and if it arrives to a vertex v at some step then in the next 
step it will use an edge which starts at v and every such an edge as probability t^ 
to be used. 

For a subset Z of F we denote the probability that the fc*^-step of a walk belongs 
to Z by Probs(wA; & Z). Of course, for a general Z the limit limfc_>.oo Probs(u;fc G Z) 
might not exist and even if it does, this limit might depend on S. However, in many 
natural cases this limit exists and does not depend on S. For example if Z is a finite 
index subgroup of F then always limfc_s.oo Pi'obs('U7fc E Z) = [T : Z]~^ . 

In the sequel we will present and apply the large sieve method which helps to 
show that certain subsets are 'very small'. More formally, a subset Z C F is called 
exponentially small with respect to S if there are positive constants c and a such 
that Probs(wfc G Z) < ce~"*' for every /c G N. This means that not only that this 
limit is zero but also that there is an 'exponentially fast' convergence to this limit. 
A set is exponentially small if it exponentially small with respect to every admissible 
generating multi-subset of F. 

The reason that we chose to work with a multi-sets E instead of the underlying 
set S is that when passing from the group F to a quotient, where the image of Z 
is exponentially small, we want to deduce that Z ia exponentially small. However, 
the quotient homomorphism does not have to be injective on the generating set so 
we regard its image as a multi-set. 

2.2. Property-r. Let us now define expanders and property-r. A more detailed 
discussion about these subject can be found in |HLWj and |Lulj . Let X be an 
undirected d-regular graph, self loops and multiple edges are allowed. Let n be the 
number of vertices of X. The normalized adjacency matrix of X, denoted by Ax, 
is an n X n matrix whose {v, u) entry is -^ where d^^u is the number of edges in X 
between vertex u and vertex v. Being real and symmetric, the matrix Ax has n real 
eigenvalues which we denote by Ai > A2 > ■ ■ ■ > A„. It is not difficult to see that all 
the eigenvalues of Ax lie between —1 and 1. More precisely, Ai = 1 and if the graph 
is connected then A2 < 1. The spectral gap of X is defined to be 1 — A2. A family 
of graphs is called e-expander if the spectral gap of every graph in this family is at 
least e. It is called an expander if it is e-expander for some e > 

The following lemma is a group theoretic formulation of Theorem 3.2 of |HLW] . 
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Lemma 2.1. Let T be a finite group with a finite symmetric generating multi-set 
S. Let A be the normalized adjacency metrix of of the Cayley graph Cay(r, S) and 
denote the eigenvalues of A by \i > \2 > • ■ • > Xn- Define a := max(|A2|, |A„|). 
Then for every subset T C F and every k G N^ we have: 

\T\ 



Probs(wfc ^ ^) ~ in 



n 



Let r be a finitely generated group and let A/" be a family of finite index normal 
subgroups of r. The group F has property-r w.r.t M if for some finite symmetric 
generating multi-set S and some e > the family of Cayley graphs {Cay(Fjv, ^n) I 
A^ G A/"} is an e-expander where Fjv and Sjy are the images of F and S under the 
quotient homomorphism F — )■ T /N (Sat is a multi-set). It is not difficult to show 
that if F has property-r w.r.t M then for every finite symmetric generating multi-set 
S there is £ > such that the family of Cayley graphs {Cay(FAr, Eat) | A^ g A^} is an 
£-expander, however, e may depend on the generating multi-set. The maximal e for 
which the family {Cay(FAr, E^r) | A^ G A/"} is an e-expander is called the expansion 
constant of S. 



We want to apply Lemma [2TT] to groups with property-r. However, we have to be 
a little bit cautious. The expander property bounds the second largest eigenvalue 
of the normalized adjacency of the above graphs, but it does not tell us anything 
about the absolute value of the smallest eigenvalue. Still, in our case this can be 
overcome. 

Lemma 2.2. Let H be a symmetric generating multi-set ofV. // Cay(F, S) is not 
bi-partite then there is some constant c > — 1 such that for every finite index nor- 
mal subgroup NofV the smallest eigenvalue of the normalized adjacency matrix of 
Cay(F7v, Sat) is greater than c. In fact, c depends only on the size of S and the 
length of the shortest odd cycle in Cay(F,S). 

Proof. Let A^ be a finite index normal subgroup of F. Let X be the Cayley graph 
of Fat with respect to Eat. Let / G N be the length of the shortest odd cycle in 
Cay(F, E). The entries on the the diagonal of A^ are positive and equal to each other. 
In fact, the value of the entries is at least t^ since it is equal to the probability that 

a random walk on X starting at some vertex return to this vertex at the /*^-step. 
Hence, we can write A^ as a/ + 5 where a > t^, / is the identity matrix and B 
a real symmetric matrix with non-negative entries such that the sum of the entries 
in every row and column is 1 — a. Thus, the smallest eigenvalue of B is at least 
a — 1 which implies that the smallest eigenvalue of A^ is at least 2a — 1. In turn, the 
smallest eigenvalue of A is at least (2a — l)"i" > (tw ~ 1)^ which is a real number 
greater than —1 since / is odd. D 

It is well known that a connected fc-regular graph is bi-partite if and only if the 
smallest eigenvalue of the normalized adjacency matrix of this graph is —1. Thus, 
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Lemma 2.2 shows that the condition that Cay(r, S) is not bi-partite does not only 
imply that the graphs in {Cay(rAr, Sat) | A^ G Af} are not bi-partite but also that 
they are 'uniformly far' from being bi-partite. 

is: 



A straightforward corollary of Lemmas 2.1 and 2.2 



Corollary 2.3. Let T be a finitely generated group with an admissible generating 
multi-set E. Let M be a family of finite index normal subgroups ofV. Assume that 
the family of Cayley graphs {Cay{V]^,T,]^) \ N G A/"} is an e- expander for some 
e > 0. For every N G M , let ti^ : F — > T^ be the quotient homomorphism. Then 
there exists 5 > 0, depending only on e, on the size of S and on the length of the 
shortest odd cycle in Cay(r, S), such that for every A; G N, every N E M and every 
T C Tn the following holds: 

\T\ 
Probs(vrAf(wfc) G T) 



ir 



N\ 



< v^T^e-^^ 



2.3. Linear groups. Most of the upcoming applications of property-r will be re- 
lated to linear groups. We will mainly use the following result of Salehi-Golsefidy 
and Varju which in turn is built on the work Varju |Va] and Bourgain-Gumbord- 
Sarnak |BGS1] and on the Product Theorem of Breuillard-Green-Tao |BGT] and of 
Pyber-Szabo [PS] who followed and generalized Helfgott |Hej . 



Theorem 2.4 (Salehi-Golsefidy- Varju [SnVj ). Fix go e N+ and let V C GL„(Z[^]) 
be a finitely generated subgroup such that the connected component of its Zariski- 
closure in GL„(C) is prefect. There exists qi G N^ divisible by go such that T has 
property-T with respect to the family 

{Nd \ d is a square free positive integer coprime to gi} 

where Nd is the kernel of the homomorphism vr^ : P — )■ GLni^/dZ) induced by the 
residue map Z[— ] — ;■ TLjdTL. 

In practice, it is very helpful to know what is the image vrrf(r). Define 
h ■■= {/ G nK,V<i4<n I V^ G p. f{g) = 0}. 

The Zariski-closure G(C) of P in GL„(C) equals {g G GL„(C) | V/ G /p. f{g) = 0}. 
Let d G N"^ and define 

G{Z/dZ) := {g G GL„(Z/rfZ) | V/ G Jr- f{g) = 0} 

where / is the image of / under the modulo-rf homomorphism. Clearly, 7r£;(P)is 
contained in G(Z/(iZ). The following Strong Approximation Theorem of Wiesfeiler 
and Nori gives us sufficient conditions for equality to hold. 

Theorem 2.5 (Wiesfeiler jWej . Nori [No j ) . Let go G N"^. Let T be a subgroup of 
GL„(Z[— ]) such that the Zariski-closure of it G(C) is semisimple, connected and 
simply connected. There is a number q2 G N+ divisible by go such that 7rrf(P) = 
G(Z/(iZ) for every d G N^ coprime to g2. 
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A finitely generated subgroup of GL„(Q) is contained in GL„(Z[— ]) for some 
go £ N^- Thus, Corollary 2.3 together with Theorems 2.4 and 2. 5| imply: 



Corollary 2.6. Let T he a finitely generated Zariski- dense subgroup of SLn{Q) and 
let S be an admissible generating multi-subset. There exist q^ G N+ and 6 > 
such that for every square free d < e^^ coprime to q^ and every T C SL„(Z/(iZ), 
the probability Probs(vrrf(wfc) G T) is approximately igL (z/dz)| ^'^^ ^^^ error term is 
smaller than e~^^ (so it decays exponentially fast with k). 

The following proposition, which gives an example of a family consisting of expo- 
nentially small subsets, can be easily deduced from Proposition 3.2 of |BGS1] . 

Proposition 2.7 (Bourgain-Gamburd-Sarnak, |BGSlj ). Let T be a finitely gener- 
ated Zariski-dense subgroup of SL„(Q). Let V be a proper subvariety of SL„(C) 
defined over Q. Then, V{C) (IT is exponentially small. 

Proof. Fix an admissible generating multi-subset S and let 6 be as in Corollary |2.6 
Assume that k is large enough and pick a prime between ^e^'^ and e^'' coprime to gs 
for which V{Z/pZ) is defined. The dimension of V is at most n'^ — 2 so by the Lang- 
Weil estimates |LW] . |l^(Z/pZ)| < (c + l)p" ~^ where c is the number of irreducible 
components of maximal dimension of V. Now, | SL„(Z/]9Z)| > ^p" so |sl (z^ z)| — 
^^i^. Corollary 2.6 shows that the probability Prob2(7rp(wfc) G ^(Z/pZ)) is at most 



p 

-5k 



(4c + 5)e-'5^ D 

Definition. An element g G SL„(Z) is called unipotent if all is eigenvalues are equal 
to 1. An element g G SL„(Z) is called virtually unipotent if for some m > 1 the 
element g"^ is unipotent. 



is: 



A straightforward Corollary of Proposition 2.7 

Corollary 2.8. Let T be a Zariski-dense subgroup of SL„(Q). Then, the set of 
virtually unipotent elements is exponentially small. 

Proof. An element g G SL„(Q) is virtually unipotent if and only if all its eigenvalues 
are roots of unity. There are only finitely many roots of unity which are roots of a 
monic polynomial of degree at most n over Q. Hence, there is a constant m > 2, 
depending only on n, such that if (? G SL„(Q) is virtually unipotent then g"^ is 
unipotent. The set of elements of SL„(C) whose TTi^'^-power is unipotent is a proper 



subvariety defined over Z. Proposition 2.7 completes the proof. D 



3. The Large Sieve 

In the previous section we proved that the set U consisting of virtually-unipotent 
elements of F is exponentially small where F is a Zariski-dense subgroup of SL„(Z). 
For every large enough k G N"^ we picked a large prime pk with two properties. The 
first is that the set iip^iU) is exponentially small in 7rpj.(F), i.e., the ratio between 
the size of TTp^iV) and the size of T^p^iU) grows exponentially with k. The second is 
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that the image of the A;*'^-step of a random walk is 'almost uniformly distributed' in 
7r,(r). 

There are some exponentially small sets for which an argument of that kind does 
not work. For example, it does not work for the set of proper powers or even for 
the set of m-powers for some fixed m. The reason is that there is a fixed positive 
proportion a > such that for every prime p the proportion of the set of m-powers 
in TTp{r) is at least a. In order to overcome this problem one may look at the image 
of r under the modulo-rf homomorphism where d is a. product of a linear number 
(as a function of k) of primes. This rises a new problem, the image of the k^^-step 
of a random walk does not 'almost uniformly distributed' in 7rd(r). 

The large sieve method provides a way to deal with this situation. It implies 
that in order to show that a set Z C F is exponentially small it is enough to find 
a constant c > and exponentially many (as a function of k) primes p for which 
the following three conditions hold. The first is that ^^Lx < 1 — c for every such a 

prime p. The second is that the k^^-step of a random walk is 'almost uniformly dis- 
tributed' in 7ip{r) for every such a prime p. The third is that for every two distinct 
such primes p and q the images in 7rp(F) and 7rq(F) of the A;*'^-step of a random walk 
are 'almost independent'. 



3.1. The Large Sieve Theorem. We start this section by stating a lemma which 
has nothing to do with property-r nor with groups. Property-r will come into the 
picture once we try to use this proposition in the context of group theory. We are 
thankful to Ron Peled who simplified the proof of the next lemma by suggesting the 
use of Chebyshev's inequality. 

Lemma 3.1. Let U be a probability space. Let (Aj)i<j</^ be a series of events. For 
1 < '^, j < -^ denote: 

W{iJ) := Fioh{Ai n Aj) - Prob(Ai) Froh{Aj), 

A:=^max |W^(i,j)|, 
and 

L 

M:=^Prob(Ai). 

4 = 1 

Then: 

L + L^A 



Prob(f/\ IJ A 



< 



M2 ■ 

l<i<L 

Proof. Chebyshev's inequality says that if X is a random variable then for C > 0: 

Prob(|X-E(X)|)>C)<^^^. 



10 
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In particular, if C = E(X), then: 



Prob(X = 0) < Prob(|X - E(X)| > E(X)) < 



Var(X) 



E(X)2 ■ 

Define Xi to be the indicator function of Ai and set X := X]i<j<l"^«- Then, 
M = E(X) while 

Var(X) := E((X - E{X)f) = ^ E{XiXj - 2X, E{Xj) + E{Xi)E{X,)) = 



^<i,j<L 



Y, {E{X,X^) ~ E{X,)E{X^)) = J2 W{z,j)<L + L'A. 

^<i,j<L l<i,j<L 



Thus, 



Prob(f/ \ [j Ai) = Prob(X = 0) < 



0<i<L 



L + L^A 
M2 • 



D 



Theorem 3.2. Fix s > 2. Let T be a finitely generated group and let T, G T be an 
admissible multi-set. Let (A^i)i>2 be a series of finite index normal subgroups ofT. 
For i,j > 2 denote Nij := Ni fl Nj, Pjj := T/Nij and let TCij : T — )■ Pjj be the 
quotient homomorphism. Let Z CT and assume that there are positive constants 6, 
c and d and a sequence (Tj)j>2 such that for every i,j > s the following conditions 
hold: 

0. T, c^,,,\^M(^)• 



l. For every T C Fjj, 

3. // i and j are distinct then 



Fioh j:{'n:i J (wk) G T) - 



\T\ 









<v^r~l 



mi IT, I 

|ri.«||r,„r 



-5k 



> c. 



ok 

Then for every k > -^log(2s), Probs(t(7fc E Z) < ^e~*+i. In particular, Z is 
exponentially small w.r.t S. 

Proof. For every i E I denote Fj := Fj^j and ttj := ttj^j. Conditions 1 and 3 imply 
that for every distinct i,jEl and k G N^: 

IT- 



(1) 

and 

(2) 



Piohj^lTT i{Wk) e Ti) 



\Ti 



< \ \TAe 



-5k 



\Ti\ IT- 1 
Probs(7rj(t(7fc) G Tj A TTjiwh) G TA - ' '■' 



IF-I IF- 



< A/|Fj||Fj-|e 



-5k 



Recall that the set of walks W(S) is a probability space. For i > s and k > 1, 
denote Ai^k '■= {w G W(S) | ni{wk) G Ti}. Note that if w is a walk and Wk G Z, 
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then w ^ Ui>sAi^k- We can rewrite equations ^ and ^ in the form: 
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(3) 
and 

(4) 



Prob(A 



i,k 



mi 

ir.l 



<v^ 



i.e 



-5k 



Prob(Ai,fc n A,-fe) - 



IT-I IT- 



ir-i ir-i 
|j- 1\ |j- ji 



< 



rillTjIe 



-&k 



Thus, Equations |3] and |4] together with Condition 2 imply that for i ^ j: 
(5) |Prob(A,,fc n Aj^k) - Prob(A,,fe)Prob(A,- fc) | < 4max(2, jf e'^^ 

Sk I I 

Define Lj. := c+i. Equation (5) shows that for every distinct s < i,j < L^ 
we have |VFfc(2,j)| < 4e~^+i where Wk{i,j) is defined in a similar manner to the 



definition in Lemma 3.1 Hence 



Afc := max |Wfc(i, j)| < 4e "+1 = 4L^^ 

while Condition 4 implies that 

Mfc := J2 Prob(Ai,fc) > c(Lfc - s). 

s<i<Lk 



li k > ^-F^ log (2s) then L^ — s > \Lk. Proposition 3.1 implies that for every 



fc > d±i log(2s) 



Probs(u;fe e Z) < Prob(W(S) \ |J Ai 



< 



ieLu 



Lk + Lk Afc 



< 



20 



20 6k 



D 



We are now ready to formulate the Group Large Sieve (GLS) method. The reader 
may note that Theorem B of the introduction is a special case of the following: 

Theorem 3.3 (GLS). Fix s >2. Let T he a finitely generated group and let E he 
an admissihle multi-suhset. Let K he a finite index suhgroup ofT and let {Ni)i>2 he 
family of normal finite index suhgroups of F which are contained in A. Let Z O T, 
and assume that the following conditions hold: 

1. r has property-T w.r.t the family {Ni fl Nj \ i,j > s}. 

2. There exists a constant d such that \T /Nj\ < j'^ for every j > s. 

3. |A/A^i n Nj\ = |A/iVi||A/iV,-| for every distinct i,j > s. 

4. There exists c > such that for every coset C G F/A and every j > s, 



\{ZnC)N,/N,\<{l-c)\A/K 



j\- 
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Then there are positive constants 7 and t such that PTohj]{wk ^ Z) < e~"'^ for every 
k > tlogs. In particular, Z is exponentially small. 

In fact, the constants 7 and t depends only on the spectral gap of the family of 
Cayley graphs {Cay(r/A^j, SiVj/iVj) | i > 2}, the size ofH, the length of the shortest 
odd cycle in Cay(r, S) and the two constants c and d 



Proof. It is enough to verify the Conditions of Theorem 3.2 The existence of con- 



stants 5 and d for which Conditions 1 and 2 of Theorem 13.21 hold follows from 



Conditions 1 and 2 of the current corollary together with Corollary 2^ Condition 
4 of the corollary allows us to choose for every i> s a. constant bi > c and a subset 
Ti C T/Ni \ ZNi/Ni such that \T, n C/Nj\ = bi\A/Ni\ for every coset C e T/A. 



Conditions and 4 of Theorem 3.2 are readily satisfied by the definition of Tj. The 

IT- 1 

definition also implies that for every i > s, 4t^ = bi. In turn, Condition 3 of the 
corollary ensures that for every distinct i,j > s, ''^ 'ir ' 1 ^ ^ — = bibj. Thus, 

I*- i,j\ •' 

Condition 3 of Theorem 13.21 also holds. D 

Our next goal is to apply the group large sieve method in the situation where 
r is a subgroup of SL„(Z). For every prime p, let vr^ : F — )■ SL„(Z/pZ) be the 
modulo-p homomorphism. We shall see that it is fruitful to define Ni := kervTp- 
where p2,P3, ■ ■ ■ is an ascending enumeration of the primes which belong to some 



arithmetic progression. In order to verify Condition 2 of Corollary 3.3 with respect 
to the sequence (A^j)i>2, we need the next theorem about the density of the primes 
in arithmetic progressions (for a proof see Chapter 22 of |Da] ) . 



Theorem 3.4 (Quantitative Dirichlet's Theorem). Let < e < 1 and t > 1 be 

constants. Then there exists a constant r > such that for every k > r, every 
X > Ct and every two coprime numbers 1 < a,b < k^ the number of primes p which 
satisfy: 

• 1 < p < X 

• p belongs to the series {a + bj)j>i. 

is at least ^^r^- where 09 is the Euler function. 

'P(b) log a; ' ■' 



A straightforward Corollary of Theorem 3.4 is 



Corollary 3.5. Let t > 0. Then there is a positive constant r depending only on t 
such that for every k > r and every two coprime natural numbers a,b < k^, if {pi)i>i 
is an ascending enumeration of the primes which belong to the sequence (a + bi)i>i 
then Pi < i"^ for every i > e~i . 

We can now deduce: 

Proposition 3.6. Fixn > 2 and c > 0. Let T be a Zariski-dense subgroup o/SL„(Z) 
with an admissible multi-subset S. For every q G N"^, let TTg : F — )■ SL„(Z/gZ) be 
the modulo-q homomorphism. Then, there exist two positive constants 7 and r, 
depending only on T, S, and c such that the following statement holds: 
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Let Z be a subset of T and let k > r be a natural number. Assume that there 
are two coprime natural numbers 2 < a,b < k'^ such that for every prime p which 
belongs to the arithmetic progression {a + bj)j>i, the size of 7Cp{Z) is at most (1 — 
c) I SL„ (Z/pZ) I . Then, 

FTohj:{wk eZ)< e'^K 

Proof. Let a ,b, c, k and Z be as in the statement. We need to show that there are 
positive constants 7 and r depending only on F ,S and c such that ii k > r then 

Probs(wfc eZ)< e-^^ 



Denote ^3 := qiq2 where gi is as in Theorem 2.4 and g2 is as in Theorem 2.5 
Note that q^ depends only on T and S. Let {pi)i>2 be an ascending enumeration 
of the primes which belong to the sequence (1 + bq^i)i>i. Denote Ni := kervTp- for 



every i > 2. Theorem 2.4 implies that T has property-r with respect to the family 



{Ni n Nj)ij>2 and Theorem 2.5 (Strong Approximation) implies that if g 6 N"*" is a 



product of primes which belong to (a + bq3i)i>i then 7rq(r) = SL„(Z/gZ) 



We now verify the four conditions of GLS (Theorem 3.3 for A = F). The above 
paragraph together with the fact that SL„(Z/piP2Z) — SL„(Z/piZ) x SL„(Z/p2^) 
for distinct primes pi and p2 imply that Conditions 1 and 3 of GLS are satisfied for 
every i,j > 2. Condition 4 of GLS is true for every j > 2 by assumption. Finally, we 
will show that Condition 2 of GLS holds for d := 2n^. Let S be the spectral gap of the 
family {Cay(F/A'i, SA'./A'i) | i > 2}. Let 7 := j{5, |S|,c,d) and t := t{5, |S|,c,rf) be 



the constants of GLS for d = 2n^. Corollary 3^ implies that there exists a constant 
r such that ii k > r and j > e^t then pj < j^ so IF/A^I < j^" . We can assume 

k 

that k > r and denote s := ea*. Hence, Condition 2 of GLS holds for every j > s. 
We finished to verify all the conditions of GLS. Since k > tlogs, GLS imphes that 
Probs(«;fc e Z) < e-^^. D 



3.2. An extension of Corollary 3.6 , This subsection is needed for the proof of 
the general case of Theorem A. A reader that is only interested in the special case 
(Zariski-dense subgroup of SL„(Z)) can skip this subsection. 

Proposition 3.7. Let F < GL„(Q) be a finitely generated group such that its 
Zariski-closure in GL„(C) is semisimple. Then there are: 

• A finite index normal subgroup A o/F. 

• AsetV which contains almost all primes. 

• For every prime p & V, an epimorphism vTp : F — )■ Fp such that Tp is a 
non-trivial finite group and Np := ker VTp is contained in A. 

• Constants d,l,s ^ N^ . 
such that: 

1. F has property-T with respect to the family {Np^g}p^q^-p where Np^q := NpHNg. 

2. Ap := vrp(A) is a direct product of at most I finite simple groups of Lie type 
of rank at most I over finite extensions of ¥p of degree at most I for every 
p &V . Furthermore, -p'^ < \Ap\ < sp'^ < p'^^^ . 
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3. The natural homomorphism iTp^g : Ap_g — )• Ap x Ag is an isomorphism for all 
distinct p,q ^V where Ap^q := A/Np^q. 

Proof. Since T is finitely generated it is contained in GL„(Z[— ]) for some go ^ P^^- 
Tlie connected component of tlie Zariski- closure of T in GL„(C), denoted by G(C), 
is defined over Q. Hence, for every large enough prime p the group G(Fp) and the 
residue map r° — )• G(Fp) is defined where r° := F fl G(C). 

We would like to apply the Strong Approximation Theorem to conclude that for 
every large enough prime p the residue map r° — )■ G(Fp) is an epimorphism. But we 
have a problem, our G(C) is connected and semisimple but not necessarily simply 
connected. To overcome this problem we let ^ : G — )■ G be the universal cover of G. 
The algebraic group G and the rational homomorphism ip are defined over Q. The 
group iIj{G{Q)) is a normal coabelian subgroup of G(Q). This implies that there 
exists Fl < G(Q) where ipl^ is an isomorphism onto a finite index subgroup Fi of F° 
(see chapter 16 of |LuSej ). The image of Fi under the residue map Fi — )■ G(Fp) is the 
same as the image of Fi under the composition Fi — ;■ G(Fp) — > G(Fp). The Strong 



Approximation Theorem (Theorem 2.5) says that for large enough prime p the first 
homomorphism is an epimorphism. The kernel of the second homomorphism is 
contained in the center of G(Fp) and the image is of index at most b in G(Fp) where 
b G N"*" is some constant independent of p. 

We define A to be the intersection of all subgroups of index at most b oi Ti. For 
large enough prime p we get a homomorphism VTp : A — t- G(Fp)/Z(G(Fp)) and we 
denote A'p := ker vTp. The structure of G(Fp)/Z(G(Fp)) is well known and there are 
c,d,l G N"*" such that the requirements of condition 2 are satisfied (see jJ KZ j and 
the reference therein). In fact, d := dim(G(C)). In particular, this structure assures 
that TTp is an epimorphism for a large enough prime p so condition 2 is satisfied for 
the set V consisting of large enough primes. Condition 3 then follows since two 
finite simple Lie groups over field of different characteristics are not isomorphic. 
Condition 1 follows from Theorem 12.41 D 



The proof of the next Proposition is identical to the proof of Proposition |3.6| so 
we omit it. 



Proposition 3.8. Fix a positive constant c. Let F be as in Proposition \3. ?| and let S 
be an admissible generating multi-set ofV. Then, there exist two positive constants 
7 and r, depending only on F and S and c such that the following statement holds: 
Let Z he a subset of F and let k > r be a natural number. Assume that there 
are two coprime natural numbers 2 < a,b < k^ such that for every prime p which 
belongs to the arithmetic progression {a-\-bj)j>i and every coset C G Fp/Ap, the size 
of TTp{Z) nC is at most (1 — c)|Ap|. Then, 



Probs(w7fc E Z) < e' 



--yk 
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4. Proof of Theorem A for a Zariski-dense subgroups of SL„(Z) 

In this section F denotes a Zariski-dense subgroup of SL„(Z) and S is an admissible 
generating multi-subset of F. 

Lemma 4.1. Fix m > 2. Let p be a prime which satisfies: 

•P>3Q) + 1. 
• p = l(modm). 

Then \{g^ \ g G SL„(Z/pZ)}| < (1 - ^)\ SL„(Z/pZ)|. 

Proof. The subset T of diagonal matrices of SL„(Z/pZ) is a subgroup isomorphic to 
CpZi where Cp_i is a cyclic group of order p — 1. Since m divides p — 1 the map 
X H- x"* is m"'""'^-to-l on T so 

||r UgTJI < ^^ITI < -|T|- 

An element of T is called regular if all its non-zero entries are distinct. The size of 
the set S consisting of regular elements is at least {p — 1)^^^ — (^) {p — 1)"^^. Thus, 
ifp> 1 + 3(2) *he^ 

1^1 > ^m 

while 

Let s & S, then the centralizer of s is T. li g E SL„(Z/pZ) and gsg^^ G T then 
gsg~^ is also regular so its centralizer is also T. On the other hand, conjugation by 
g is an automorphism, so the centralizer of gsg~^ is gTg^^ . Thus, T = gTg~^ and g 
belongs to the normalizer A^ of T . The normalizer N is the set of monomial matrices, 
so N/T is isomorphic to the symmetric group on n elements and [N -.T] = n\. 

Let i? be a set of representatives of the left cosets of N . Then, 

|i?| = ^[SL„(Z/pZ):T]. 
If ri,r2 G R are distinct then riSr]^^ and r25'r^^ are disjoint. Thus for S : = 

6 n\ \i\ 6n\ 



while 



IJ m I ^ Qll / l|m| 1 |SLn(Z/pZ)| 1 

lis I ^^"^ll ^ 2' '■ d m = ^|SL„(z/pZ)|. 



n 



Combining Lemma 4.1 with corollary 3.6 we get: 
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Corollary 4.2. There exist two positive constants 7 and r such that if k,m G N^ 
with k > r and 2 <m <k'^ then 

The next lemma shows what kind of m-powers are possible at the fc^'^-step of a 
random walk. 

Lemma 4.3. There is a constant s G N+ such that if the k^'^-step Wk of a random 
walk on Cay(r, S) is a proper power then one of the following holds: 

• Wk is virtually-unipotent. 

• Wk = g"^ for some element g E G and some prime number m < sk. 

Proof. For x G C" let |x| be L^-norm of x. Recall that the operator norm of an 
element (yf G F is H^^H := max|^|=i \gx\. Note that if (?, /i G F and A is an eigenvalue 
of g then \\gh\\ < ||fl'||||/i|| and ||A|| < \\g\\- Define c := maxggs US'!! so \\wk\\ < c^ 
for every walk w. 

If a polynomial / of degree n with integer coefficients is not a product of cy- 
clothymic polynomials then it has a root with absolute value greater then 1 + e 
where e depends only on n (see for example Proposition 5.5 and Corollary 5.6 of 
|Mij ) . Thus, ii g & SL„(Z) is not virtually unipotent then it has an eigenvalue A 
with absolute value greater then 1 + e so \\g^\\ > (1 + e)^ for every ?7i G N. 

A power of a virtually unipotent element is virtually unipotent. Hence, if the the 
fc^'^-step Wk of a walk is an m-power but not virtually unipotent then (1 + e)"^ < c^ 
so m < sk for s := 1— rf^- D 

— log{l+e) 

Our goal is to show that the set of proper powers in F is exponentially small. 
The set of virtually unipotent elements in F is exponentially small by Corollary |2. 8 



Thus, Lemma 4.3 implies that it is enough to show that the set Z C F of elements 



which are proper powers but not virtually unipotent is exponentially small. Let s 



be as in Lemma 4.3 and let 7 and r be as in 4.2, li k > max(r, s) then 

Prohj:{wk eZ) = Probs(wfc G U2<™<fc2F'") < fc^e'^^ 
If a is a positive constant smaller than 7 then for large enough k, 

ProbE(wfe eZ)< k'^e-^^ < e-"^ 
Thus, Z is indeed exponentially small and the proof is complete. 

5. Proof of Theorem A 

5.1. Reduction. The next lemma shows that it is enough to prove Theorem A for 
a finitely generated subgroup of GL„(Q) such that the connected component of its 
Zariski-closure is a non-trivial semisimple group. 

Lemma 5.1. Let F < GLm(C) be a finitely generated group which is not virtually 
solvable. Then there is a positive integer n and a homomorphism a : F — !■ GL„( 
such that the connected component of the Zariski-closure o/a(F) is semisimple. 
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Proof. Proposition 16.4.13 of |LuSej shows that there is an ni G N^ and a homo- 
morphism cti : F — )• GL„^(Q) such that a(r) is not a virtually solvable group. The 
connected component of the Zariski-closure of a(r) is not necessarily semisimple. 
However, we can divide it by its solvable radical, which is defined over Q. Thus, there 
is n2 G N+ and a homomorphism 02 : «i(r) — ^ GL„2(Q) such that the connected 
component of the Zariski-closure of 0:2 o ai{T) is semisimple. Define a := 0:2 o cti 
and n := ^2. D 

5.2. Virtually unipotent elements. We start this section with an analog of 



Proposition 2.7 



Proposition 5.2. Let T be a finitely generated subgroup o/GL„(Q) whose Zariski- 
closure r is semisimple. Assume that V{C) is a variety defined over Q and that 
V{C) does not contain any coset of the connected component ofT. Then, V{C) flP 
is exponentially small. 



The proof of Proposition 5.2 is almost identical to the one of Proposition 2.7 so 



we omit it. The next Corollary is the main result of this subsection. 

Corollary 5.3. Let T be a finitely generated subgroup of GL„(Q) whose Zariski- 
closure is semisimple. Then, the set of virtually unipotent elements is exponentially 
small. 



Proof. As in the proof proof of Corollary |2. 8 there exists a positive integer t such 



that if (7 G r is virtually unipotent then g^ is unipotent. Thus, the set of virtually 



unipotent elements is contained in a subvariety defined over Q. Proposition 2.7 



above and Proposition 5.4 below complete the proof. D 



Lemma 5.4. Let t G N+. Let T be a finitely generated subgroup o/GL,„(Q) whose 
Zariski-closure in GL„(C), denoted by T, is a semisimple group. Then every coset of 
the identity component T° ofT contains an element whose t-power is not unipotent. 

Proof. By replacing P with its image in r°/Z(r°) we can assume that r° has trivial 
center. Let C be some coset of r° and assume that for every (/ G C fl P the power 
g^ is unipotent. Then the eigenvalues of every element of C fl P are roots of unity of 
bounded order. Thus, there is only a finite number of Jordan forms for the elements 
of C n P. The set of elements with a given Jordan form is Zariski-closed so all the 
elements of C have the same Jordan form since C is irreducible and C fl P is dense 
in it. In particular, all elements of C have the same order. 

The automorphism group of r° is a semidirect product of the group of inner 
automorphism and the finite group of outer automorphisms. Hence, every coset of 
Inn(r°) in Aut(r°) contains an element of finite order. This implies that there are 
some k G N"*" and g & C such that g^ G Zj='(r°). However, this centralizer is finite so 
g has finite order. Thus, all the elements of C has the same finite order. In the next 
paragraph we will show that the orders of the elements in every coset of Inn(r°) are 
unbounded so the same is true for C and we get the desired contradiction. 
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If r° is a simple group of adjoint type then every coset of Inn(r°) in Aut(r°) 
contains a graph automorphism a. The graph automorphism a fixes some root 
of the Dynkin diagram unless the diagram is of type A2n and in that case the 
automorphism switches between the two roots at the ends. In any case, a pointwise 
fixes some torus T and the orders of the elements of aT C a Inn(r°) are unbounded 
(we identified T with its image in Inn(r°)). 

In the general case r° has a characteristic subgroup A^ such that r°/A^ is iso- 
morphic to A'^ where A is a simple group of adjoint type and k G N+. It suffices 
to show that for every a G Aut(A'^) the orders of the elements which belong to 
a Inn(A'^) are unbounded. As before, this will follow once we show that there is an 
element in aInn(A'^) which pointwise fixes a non trivial torus. As a G Aut(A^), 
there are ai, ■ ■ ■ , 0;^ G Aut(A) and a permutation o G Sym(fc) such that for every 
(xi, ■ ■ ■ , Xfc) G A'^ we have 

a(xi, ■ ■ ■ , Xfc) = (ai(a;^(i)), ■ ■ ■ , ^^(^^(fc))). 

If the type of A is different from D^ then there is only one non-identity graph 
automorphism, so by the previous paragraph we see that there is a non-trivial torus 
T which is pointwise fixed by all graph automorphisms. If the type of A is D4 then 
all the graph automorphisms fix the central root and thus pointwise fix the torus T 
corresponds to this root. By replacing a with another representative of the coset 
a Inn(A'^) we can assume that a^ is a graph automorphism for every 1 < i < A; so a 
pointwise fixes T* := {(t, ■ ■ ■ ,t) | t G T}. As before the fact the the orders of aT* 
are unbounded implies that the orders of aInn(A'^) are unbounded. D 

5.3. Completion of the proof of Theorem A. Let F be a finitely generated 
subgroup of GL„(Q) whose Zariski-closure F is semisimple. Then, there are finitely 
many primes pi, . . . ,pr such that F is contained in GL„(Z[ — ^ — ]). Fix an admissible 
generating multi-subset S of F. 

We start with some number theoretic arguments. For every 1 < -i < r, let | ■ |j be 
some extension of a p^-adic valuation of Q to the algebraic closure Q of Q. Fix an 
embedding of Q in C and let | ■ |o be the restriction to Q of the absolute value of C. 
It is well known that for every n G N^, there exists a constant c > 1 such that if x 
is an algebraic integer of degree at most n then either a; is a root of unity or some 
Galois conjugate y oi x satisfies \y\o > c (see Proposition 5.5 and Corollary 5.6 of 
|Mi] ) . The following lemma is a straightforward generalization of this fact. 

Lemma 5.5. Denote R := Z[-] where q := pi- ■ -pr- Then, for every n G N"^ there 

exists a constant c > 1 such that if x E Q* is integral over R of degree at most n 
then either x is a root of unity or \y\i > c for some < i < r and some Galois 
conjugate y of x. 

Proof. Let x G Q* be integral over R such that its minimal polynomial / over R has 
degree at most n. The roots of / are the Galois conjugates of x. The case where all 
the coefficients of / belong to Z is the classical case above. Thus, we can assume 
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1 



that some coefficient 6 of / does not belong to Z. Define d := mini<j<r |pj|j " and 
note that d > 1. There is 1 < j < r such that pj is a factor of the denominator of h 
so \h\j > (i". The coefficient 6 is a symmetric polynomial of degree at most n in the 
Galois conjugates of x and | ■ \j is non-archimedean so there is at least one Galois 

D 



conjugate y oi x with 


V j>d. 




For 1 < i < r and x 


= (a^i,-- 


, x„) G Q" define 

X J '. —— IX13jX 1X4 7 



i<j<n 



and 



Flo : = 



V 



E 



|2 

Xj\q. 



For an element (? G F and < i < r, define: 

I I \9x\i 

\g\i := max - — — . 
x^O \x\i 

Note that ii g,h ^T and A is an eigenvalue of g then \gh\i < \g\i\h\i and |A|j < \g\i. 

Lemma 5.6. There is a constant t G N"*" such that for every k G N+ and every walk 
w on Cay(F, S), if Wk is a proper power then one of the following holds: 

• Wk is virtually-unipotent. 

• Wk = g"^ for some element g E G and some prime number m < tk. 

Proof. Fix fc G N and define: 



max \g\i. 

geS A 0<j<r 



Then, \wk\i < b for every walk w and every < i < r. Let g G T. If A is an 



eigenvalue of g then so are all the Galois conjugates of it. Lemma 5.5 shows that 
there is a constant c > 1 such that if g is not virtually unipotent then |A|i > c for 
some eigenvalue X oi g and some < i < r. In the later case for every m G N^ we 
have that A'" is an eigenvalue of g"^ and \g"^\i > \X'^\i > c^. Thus, if w is a walk on 
Cay(F, S) and Wk = g"^ for some f? G F and some m G N^ then either Wk is virtually 
unipotent or m < tk where t := t^^. D 

^ — log c 

Lemma 5.7. There exist two positive constants a and r such that if k > r then 

ProbsK e U2<„<fc2F™) < e-'^K 



Proof. We use the notation of Proposition 3.7 For every coset D G F/A and every 
m > 2 define D"^ := {g"^ \ g G D}. Proposition 3.8 together with Corollary 6.17 
imply that there are positive constants 7 and r such that for every k > r and for 
every coset D G F/A: 

Frohj:(wk G U2<n.<k^D"') < k^e-^K 
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The subgroup A is of finite index in F so it has only finitely many cosets. Hence, if 
< a < 7 and k is large enough then: 

D 



Corollary 5.3 together with Lemmas 5.6 and 5.7 complete the proof of Theorem 



A (modulo the proof of Theorem 6.16 and corollary 6.17). 



6. Powers in finite groups of Lie Type 
The goal of this section to bound the number of powers in a finite extension of a 



direct product of finite groups of Lie type (see Theorem 6.16 below). This bound is 



needed for the proof of Theorem [T] but it might be interesting on its own right. 

6.1. Notation. The letter p always denotes a prime number greater than 3 (some- 
times further restrictions which will be specified). The letter q denotes some power 
of p. For a group G, a subgroup T C G and an automorphism fj, G Aut(G), we 
denote T^ := {t G T | /i(t) = t}. In most cases the group T will be abelian and 
fi will preserve T. In addition, if n G N then T„ := {t G T | Zdt") = T} and 
T •= T n T 

We fix some root system $ C M' and let Vr(<l') be its Weyl group. The symbols 
Gq {G*) represents the Simply connected Chevalley (Steinberg) group of type $ over 
the field with q elements F^. Unless otherwise mentioned, the term finite Lie group 
means a Chevalley or Steinberg group of adjoint type although the results apply to 
all finite Lie groups. A detailed description of these groups is given in later sections. 

6.2. Powers in arbitrary groups. We start this section with three lemmas. 

Lemma 6.1. Let G be a finite group with a maximal abelian subgroup T. Assume 
fi G Aut(G') preserves T and denote n := ord(/i). //t G T^,„ then 

T^ = {gEG\ gtfxig)-' = t}. 

Proof. The inclusion C is clear. For the reverse inclusion assume that gt = tfi{g). 
The element t is fixed by /i, so ^i^{g)t = tfi^^^{g) for every < i < n — 1. Hence, 

gr = tfi{g)t''-^ = t^fi\g)f'-^ = ... = t'^i/'i.g) = f'g. 

This means the g centralize t" so (7 G T. Thus, gtfi{g)~^ = t = gtg^^ so ^{g) = g, 
i.e g eTf,. D 

Lemma 6.2. Let G be a finite group with a maximal abelian subgroup T. Let g E G 
and t G T. If Zdt) = T and gtg-^ G T then g eN where N := Ng{T). 

Proof. Conjugation by g is an automorphism so Zcigtg^^) = gZG{t)g^^ = gTg~^. 
But T is abelian and so T C Zcigtg^^) = gTg^^ which implies T = gTg~^ and 

^G A^. D 
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Lemma 6.3. Let G be a finite group with a maximal abelian subgroup T. Assume 
^ G Aut(G') preserves T and denote n := ord(/i). Let c be the number of elements 
of T of order dividing n. If |T^,n| > II^mI; then the set 

L := {g eG \3s e r^,„ s.t. gsfi{g'^) E T^.,„} 

is a subgroup of G which contains T^ as a subgroup of index at most c[N : T] where 

N:=Ng{T). 

Proof. Let g E L. We start by showing that gtfi{g^^) G T^ for every t G T^. Choose 
s G T^^n such that gsfi^g'^^) G T^,n- Every element of T^ is fixed by /i, so 

gsKg'^) = MsfJ^'^ig'^) and fi{g~^)gsfi{g'^)fi^{g) = s. 



Lemma 6.1 together with the fact that fi{fi{g ^)g) ^ = fj.{g ^)fj?{g) imphes that 
u := ii{g~^)g G T^. The element u is fixed by /i so 

u = ii\u)=ii^+\g-')li\g) 

for every < i < ra — 1. Multiplying these equations we get that 

u"" = i/'-^u) ■ ■ ■ ii\u)u = 1 

which means that the order of u divides n. 

It is clear that L is closed to inverses so g^^ G L and the argument above assures 
that V := fi{g)g''^ G T^. Since gag'^v'^ = gs^.{g'^) G T^^n also gsg'^ G T^. 
The fact that s G Tu,„ implies that 'Lg{s) = T, so Lemma 6.2 shows that g E N. 



In particular, if t G T^ then gtfi{g ^) = gtg ^v ^ E T. In order to show that 
gtfi{g~^) G Tfj_ we have to show that it is fixed by fi. Indeed, 

/^to(^"^)) = Mt^J^^ig'^) = gg'^fi{g)tfi^{g'^)fi{g)^{g'^) = gu'Hufi{g~^) = gt^{g~^) 

where that last equality is true since T is commutative. 

Define Y := {g E G \ gT^fi{g~^) = T^}, clearly "K is a subgroup of G. The 
previous two paragraphs show that L C F, in fact there is an equality. Indeed, the 
pigeon hole principle together with the fact |T^,n| > ^l^/^l show that ii g E Y then 
gs^i{g)-^ E T^,„ for some s E T^,^. 

We have established that L is a group contained in A^ and it is clear that T^ < L. 
Hence, in order to show that [L : T^] < c[N : T] we only have to prove that 
[L r\T : T^] < c. We showed that ii g E L then fi{g)g~^ is an element of T^ whose 
order divides n. The number of elements of T^ of order dividing n is c so it will be 
enough to show that if ti, ^2 G LnT and /i(ti)t^^ = /i(t2)t2 ^ then tit^^ G T^. Indeed, 
since T is abehan the equality fi(ti)ti^ = /i(t2)i^2 ^ implies that tit^^ = /i(tit^^), i.e 
it 2 



t^t:,^ET„,. D 



The next proposition is the one we will use in the following sections. 

Proposition 6.4. Let m be a prime number. Let H be a finite group containing a 
normal subgroup G. Fix some h E H and let n be the order of the automorphism 
fi E Aut(G) induced by conjugation by h. Let T be a maximal abelian subgroup of 
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G preserved by fj, and denote by c the number of elements ofT of order dividing n. 
Assume that: 

1. m divides |T^|. 
2 IT I > ^\T I 

Then, for N := Ng{T) 

IK>|x.G/.}|<(l-j^)|G|. 

Proof. Choose an element s G T^ of order m. If t G T then (t/i)"* = [tsh)"^ since T 
is abehan and h commute with s. Condition 2 imphes that the number of elements 
t G Tfj^,n such that ts G Tfj^^n is at least ^|T^|. This shows that we can choose a set 
A '^Tfj^^n such that: 

• The size of A is at least tIT,, 1. 

41 A*- 1 

• The set B := {as \ a G A} is contained in Tfj_^n- 

• An 5 = 0. 



Choose a set of representatives R for G/L where L is defined in Lemma 6.3 If 
ti,t2 G AU B and ri,r2 G i? satisfies ritiyu(rf^) = r2t2jJi{r2^) then ti = ^2 and 
ri = r2. The equality rthr~^ = rtfi{r~^)h for t & T and r & R implies that 

\{rthr'^ \te AUB A r G i?}| = 2|A||i?| 

while 

\{{rthr-^r \xeAUB A rGi?}| = |{(rt/ir-i)'" \ t e A A r e R}\ < \A\\R\. 

assures that |-R||A| > 4e[jv-ri 1^1 ^° 



Lemma 



6.3 



\{x- I a: G Gh}\ < \G\ - \A\\R\ < ( 1 - ^-p^ ) |G| 



D 



6.3. Chevalley groups. In this subsection we briefly describe the Chevalley groups 
and their basic properties. More details and proofs can be found in the classical book 
of Carter |Ca] . 

Let $ C M' be an indecomposable root system and fix a fundamental system of 
roots n C $. Let £ be the simple Lie algebra over C associated with $. We regard 
$ as a subset of C and for every r G $ we define hr := 7^ where (■, ■) is the usual 

scalar product of W. Finally we fix a Chevalley basis {hr | r G 11} U {cr | r G $} of 
C The multiplication of C satisfies: 

L [KK] = 0. 

2. [hrCs] = {hr,s)es. 

3. [crCs] = hr ii r + s = 0. 

4. [erCs] G Zcs+r if r + s G $. 

5. [e^ej = if r + s ^$U{0}. 
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In particular, the product of every two elements of the Chevalley basis is a linear 
combination with rational integer coefficient of the basis elements. Thus, there is a 
Lie algebra Cq over Fg with the same basis as C and a similar multiplication. The 
coefficients of the product of elements of the basis in Cq are equal modulo p to the 
ones of the product in C 

The rules of the multiplication also show that for every r E ^ the linear map 
ad e^ : £ —7- £ is nilpotent and so exp(t ad e^) is an automorphism of C for every 
t G C It turns out that exp(t ad e^) is in fact is a finite power series of the form 



E 



aA:(tad Cr) 

0<A:<n 

where a^ E '^ for < A; < n. Hence, this power series can be evaluated also for 
t G Fg and the result is an automorphism of Cg denoted by Xr^t- The Chevalley group 
Gq associated to $ is the subgroup of the automorphism group of Cq generated by 
the Xr,t for r E ^ and t G Fg. 

In the next few paragraphs we will define certain subgroups of Gq. In order to 
keep the notations simple we will not insert the letter q in the symbols of these 
subgroup but the reader should always remember that these groups depends on the 
group Gq which in turn depend on q and the root system $. 

For every root r E ^ and an element t G F* there is an element dr^t ^ Gq which 
satisfies dr^t{^s) = t^'^'''^^es and dr^t{hs) = hg for every s E ^. The diagonal subgroup 
T is the group generated by the these elements. The group T is a maximal abelian 
subgroup and, as the notation suggest, it will play the roll of the maximal abelian 
subgroup of the first section. As before, for an n G N denote T„ := {t G T | 
'Z'Gqit"') = T}. Our first goal is to find a sufficient condition for an element of T to 
belong to T„. 

Every root s G $ can be written in a unique way as s = e^ Xlren ^s,r^ where 
e = ±1 and the n^-'s are natural numbers. The set of positive roots $+ contains 
the roots s with e^ = 1 and the set of negative roots $^ contains the roots s with 
Cs = —1. The height of a root s is defined to be eX]ren^s,r- Let C^ (£~) be the 
subspace of C which is generated by the elements e,, where r runs over the positive 
(negative) roots and let C^ the subspace generated by the hr, with r G 11. 

The upper unipotent subgroup U of Gq is the group generated by the elements 
Xr^t for ^ £ *^^ and t E ¥q. Similarly, the lower unipotent subgroup V of Gq is the 
group generated by the elements Xr,t for r G $~ and t E Fg.Our first lemma is rater 
technical. 

Lemma 6.5. If u E U preserves Cg then u is the identity. 

Proof. Let m G f/ be a non-identity element. Fix an ordering >- of the roots such 
that r >- s implies that the height of r is greater or equal to the height of s. There 
are unique tr E Fg such that 

re<I>+ 
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where the product in taken in an increasing order of the roots. Let r* G $^ be the 
minimal root with respect to >- such that t.,-* 7^ 0. The definition of Xr,t for r G $^ 
and t G Fg imphes that for s G $: 

1. Xr,t{hs) = hs- U* {hs, r)er. 

2. Xr^ti^s) = Cs + v where f is a hnear combination of roots with height greater 
then the height of s. 

Thus, u{hr*) = hr^. — 2tr*er* + V where f is a hnear combination of roots which are 
greater than r* (0 7^ 2(modp) since p > 5). D 



The last ingredient needed for the proof of Lemma 6^ is the Bruhat decompo- 
sition. The diagonal group T normalize U and so B := TU is a subgroup of Gq. 
Let A^ be the normalizer of T in G, N is called the monomial group. Every n & N 
acts as a permutation on the set {Ce^ | r G $}. This action defines an epimor- 
phism of A^ onto to Weyl group W^($) with kernel T. For every w G iy($) choose 
a representative riu, G N . The Bruhat decomposition says that 

Gg= U Bn^B 

where the union is disjoint. 

Lemma 6.6. Assume that d eT satisfies: 

1. If r E ^ then d{er) = A^e^ where A^ 7^ 1. 

2. // \r = \s then r,s E ^^ or r, s E ^^ . 
Then T is the centralizer of d. 

Proof. Note that L° is exactly the eigen space of d with eigenvalue 1. Assume g E Gq 
centralizes d. Conditions 1 and 2 imply that g preserves £+. Choose bi,b2 E B and 
w E iy($) such that g = binwb2- The element n^ = bi^gb2^ also preserves Cg since 
B does. Thus, w($+) = $"*" since n^(Cer) = Ce^(r) for every r E ^. The identity is 
the only element of the Weyl group which preserve $"'" so w = id and g E B. Write 
g = cu with c E T and u E U. Since c centralizes d also u centralizes it. Condition 
1 shows that u preserves £° and so m = id by Lemma 



6.5 



D 



Corollary 6.7. Let n eN. Assume that d eT satisfies: 

1. If r E ^ then d{er) = Xr^r where A" 7^ 1. 

2. // A" = A" then r,s E ^'^ or r,s E ^^ . 

Then d E Tn- 

Now that we have a sufficient criterion for an element to belong to T„ we want to 
show that a high proportion of the element of T belongs to T„. 

6.4. Automorphisms of Chevalley groups. The chevalley group Gq has trivial 
center so it is isomorphic to the inner automorphism group and we shell identify 
these two groups. In general, Gq has a non-inner automorphisms which we shell 
now describe. 
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Let T C Aut{Cq) be the group consisting of automorphisms which have the el- 
ements of the Chevalley basis as eigenvectors and act as the identity on C^. The 

group T is abehan, has exponent q—1 and contains T. In addition, T normahzes Gg, 
so conjugation by its elements induces automorphisms of Gq. The automorphisms 
which are induced in this way are called diagonal automorphisms. 

The second set of automorphisms are the graph automorphisms. These automor- 
phisms arise from symmetry of the Dynkin diagram of 11. Since p is a prime greater 
than 3, the only Chevalley groups which have a non-identity graph automorphism 
are of type Ai ior I >2, Di for / > 4 and Eq. We consider each case separately. 

Type Ai with / > 2: In this case there is only one non-identity symmetry of the 
graph. The symmetry sends Tj to r;_j for 1 < i < I. The graph automorphism ai 
associated with this symmetry has order 2, it preserves T and it satisfies a;((irj,t) = 
dri_^,t ior 1 <i < I and t G F*. 



n r2 n_i ri 

o o o o 

Figure 1. Dynkin diagram of type Ai. 

Type D4: For every a G Sym{l, 2, 3, 4} with o"(l) = 1, there is a graph symmetry 
which transform r^ to ro-(j). The graph automorphism 6cr associated with this sym- 
metry has the same order as cr, it preserves T and it satisfies (5o-((ir,,t) = dr^u^t ^'^^ 
1 < i < 4 and t G F*. 




Figure 2. Dynkin diagram of type D4. 

Type Di with Z > 5: In this case there is only one non-identity symmetry of the 
graph. The symmetry switches between r/_i and ri and leaves the other fundamental 
roots fixed. The graph automorphism 61 associated with this symmetry has order 2, 
it preserves T and it satisfies Si{dr^^t) = d^^t, 5i{,dri_^^t) = dr^^t and Si{dri^t) = dri_j,t 
for 1 < i < / - 2 and t G F*. 

Type Eq-. Also in this case case there is only one non-identity symmetry of the 
graph. The symmetry sends r^ to r5_j for 1 < i < 5 and leaves rg fixed. The graph 
automorphism e associated with this symmetry has order 2, it preserves T and it 
satisfies e^dr^^^t) = dr^^t, £{dr2,t) = dr^^t, £{dr^,t) = dr^^t and e{dr^^t) = c^rg,* for every 

t gf;. 
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o o 




Figure 3. Dynkin diagram of type Di. 



n r2 rs Ti rg 

O O Q O O 



6 
Figure 4. Dynkin diagram of type E^ 



The last set of automorphisms are the field automorphisms. Every yj G Aut(Fq) 
induces an automorphism ^p G Aut(Gq), which is called a field automorphism, such 
that '^{xr^t) '■= Xr,ip{t) and <^((ir,t) = c?r,i/j(i) for every r G $ and t G Fg. 

Lemma 6.8. Let ri, ■ ■ ■ , r/ &e i/ie fundamental roots of ^. Denote dt := rf^,* ■ ■ ■ (ir;,* 
for every t G F* The set D := {dt \t & F*} is a subgroup of Gq which is pointwise 
fixed by every diagonal, graph or field automorphism. Furthermore, the size of D is 
p — 1. 

Proof. All the assertion follows directly from the definitions expect the one about 
the size oi D. If s G $ then dt{es) = t^^Cg where m^ := {h^^ + - ■ ■ + hr^,s). Inspection 
of the Dynkin diagrams of all root systems of rank / shows that there is always a 
fundamental root s such that m^ := (/i^ + ■ ■ ■ + /^r,, s) = — 1 so dt{s) = t~^. This 
implies the \D\ = p — 1. D 

Lemma 6.9. Fix n G N+ and a G (0, 1) and define D as in the above lemma. 
There exists a constant c such that if p > c and H is a subgroup of Gq such that 
D CH CT then |i7„| > a\H\ where H^ := {h e H \ ZG,(/i") = T}. 

Proof. Let ri, ■ ■ ■ , r; be the fundamental roots of $ and dt as in the above lemma. 
It suffices to show that if p is large enough that for every h & H the number of 
t G (F*) such that hdt G Hn is at least <y{p — 1). Fix h & H and assume h{es) = Xg^s 
for every s & ^. If s G $ then 

hdt{es) = Xsf^'es 

where rUg := {h^^ + ■ ■ ■ + /i^p s). Denote m := max \ms\ where the maximum is taken 



over s G $. Lemma |6.6| shows then if t G F* then hdt ^ H^ whenever the following 



two conditions hold: 

1. For every s G $ the product X^f^^" is different from 1. 

2. If si G $+ and Sa G ^- then A^^r™^i ^ A^^^'^^a. 
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If s G $^ (s G $^) then s is a linear sum of elements of 11 where all the coefficients 
in this sum are non-negative (non-positive). In addition, the scalar product of any 
two distinct fundamental roots is non-positive and s can not be orthogonal to all 
the fundamental roots. Hence, if s G $"*" then rus < while if s G $~ then rUs > 0. 
Thus, for s G $ the number of t G F* which does not satisfy condition 1 is at most 
nm. Similarly, for Si G $^ and S2 G $~ the number of t G F* which does not satisfy 
condition 2 is at most 2nm. Therefore, the number of t G F* with hdt G Hn is at 
least 

, , nm , ,9 

(p- 1) -nm $ $ 

\F ) II 2 I I 

which is greater than a{p — 1) for large enough p. D 



The following is a first step to verify condition 2 of Proposition 6.4 



Corollary 6.10. Let n G N^ and a G (0, 1). There exists a constant w such that 
for every p > w and every /i G Aut{Gq) the following holds: 

If fi stabilizes T and pointwise fixes D then |T^,n| > ctl^/il- In particular, this it 
true for fi which is a product of field, graph and diagonal automorphisms 

We close this subsection with a further discussion about automorphisms. As 
before let p be a prime number greater than 3 and let q := p^ for k G N+. The 
group Gq is simple and we regard it as a normal subgroup of its automorphism 
group. Every automorphism of Gq is a product of the form iprjuL where l is an 
inner automorphism, k is a diagonal automorphism, 7] a graph automorphism and 



ip is a. field automorphism. In Subsection 6.6 we will need a bound on the order 
of (prjn so we investigate this product. Graph and field automorphisms commute 
and both normalize the group of diagonal automorphisms Tq. Hence, the order of 
(prjK is bounded by the product OTd{(p) ord^rj) ord(fi;) since the group of diagonal 
automorphisms T is abelian. Thus, it is enough to bound the order oi (p, rj and k 
separately. The order of a graph automorphism is at most 3 while the order of a field 
automorphism of Gq divides k (since q = p^). However, a diagonal automorphisms 
can have arbitrary large orders if p is large. To overcome this problem we note that 
T C T so in the presentation of an automorphism as a product (prjut the diagonal 
automorphism k, can be replaced by others automorphisms of the coset kT. We need 
the following group theoretic lemma: 

Lemma 6.11. Let G be a finite group which contains a normal subgroup H. Then 
every coset of H is G has a representative g such that every prime divisor of oid{g) 
also divides [G : H]. 

Proof. If p is a prime which does not divide [G : if] and g is a power of p then the 
set R := {g'^ \ g G G} contains a representative of each coset. If in addition q is 
large enough then p does not divide the order of any one of the elements of R. D 



28 ALEXANDER LUBOTZKY AND CHEN MEIRI 

The index [T : T] depends on the type of the root system and the field F^ and it 
is as follows: 

Ai Bi Ci Di G2 Fi Eq Ej Es 

gcd{l + l,q-l) 2 2 (4,g'-l) 1 1 gcd(3,g-l) 2 1 

Lemma 6.12. Let k G N"*" such that q := p^ . // ^ G Ant{Gq) then there are: a 
field automorphism (f , a graph automorphism rj, a diagonal automorphism k, and 
an inner automorphism t such that ^ := iprjKL and the order of ^ := iprjn divides 6kz 
where z divides q — 1 and every prime factor of z divides 6{l + 1). 

Proof. The above discussion implies that it is enough to show that ^ can be written 
in the form ^ = rjipm such that z := ord(fi;) satisfi es th e required properties. The 



order of the elements of T divides q — 1 and Lemma 6.11 shows that k can be chosen 
such that the prime factors of its order divide [T : T]. The above table shows that 
the primes which divide [T : T] also divide 6(/ + 1). D 



The point of the Lemma 6.12 is that for a given r G N"*' there is a suitable 
arithmetic progression (a + &j)jeN with coprime a and b such that ii q = p'^ where 
k < r and p is a prime which belongs to the arithmetic progression then the product 
iprjK has bounded order. 

6.5. Steinberg groups. Assume that $ has a non trivial symmetry of the Dynkin 
diagram, i.e, $ is of one of the type: Ai for I > 2, Di > 4 or Eq. Let a G Aut(Gg) 
be the graph automorphism associated to such a symmetry, then ord(a) = 2 unless 
$ is of type D4 where it is also possible that ord(a) = 3. Assume q = p^ where 
k G N"*" is divisible by ord(Q;) and let /3 be a field automorphism with the same order 
as a (recall that the automorphism group of Fpr is cyclic of order r). Let U^iV-^) be 
the subgroup of the unipotent group U {V) of the elements fixed by 7 := a/3. The 
Steinberg group G* of type $ over ¥q is the subgroup of Gq generated by U^ and V^. 
The group G* is fixed by 7 but it can be properly contained in the subgroup of fixed 
points. Note that for p > 5 the Steinberg groups are only defined when the root 
system is of type Ai for Z > 2, D; > 4 or £^5 and there is a field automorphism of 
¥q of the same order as a non-trivial graph automorphism. If $ is of type different 
than D4, then there is just one non-trivial graph automorphism and its order is 2, so 
G*q is uniquely defined and g is a square. On the other hand, if the type is D^ then 
there are 3 non-trivial graph automorphisms of order 2 and 2 graph automorphisms 
of order 3. However, it is easily verified that up to isomorphism the Steinberg group 
depends only on the order of the graph automorphism. Thus, if 6 divide k and 
q = p^ the symbol G* can represent two different Steinberg groups. This will not 
cause us problems since both groups share the properties we are concerned with. 

A common notation for the Steinberg groups is ^y4;(g^), ^D;(g^), ^D^{q^) and 
"^E^lq"^) where for instance ^D4^{q^) is the Steinberg group corresponding to the 
graph automorphism of order 3 of Gq3 . We prefer not to use this notation since our 
arguments does not depend on the type of the root system. On the other hand, our 
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arguments will depend on the fact that the Steinberg groups are subgroups of the 
Chevalley groups and the symbol G* emphasis this. 

Let G* be an Steinberg subgroup. Define T* := T fl G* and A^* := A^ n G* where 
T and N are the subgroup of Gg defined above. The proof of theorem 13.7.2 in |Ca] 



shows that D is a subgroup of T* where D is defined in Lemma 6.8 If p is large 
enough then Corollary |6.10 shows that D contains an element whose centralizer is 

implies that 



V{^)\ where 



T, so T* is a maximal abelian subgroup of G*. In turn, Lemma |6.2 
N* = Ng*{T*). In particular, we have [Ng*{T*) : T*] < [N : T] 
W{^) is the Weyl group of $. 

Next, we want to discuses the automorphisms of the Steinberg group G* (see [St]). 
The group G* has a trivial center (since p > 5) so we can view it as a subgroup of 
its automorphism group. The group of diagonal automorphisms T* of G* consists of 

the restrictions of the automorphisms which belong to T and stabilize G* Note that 
diagonal automorphisms of G* fix T* pointwise. The field automorphisms of G* are 
the restrictions of the field automorphism of Gq, they also stabilize T*. Lemma 6.9 



gives an analog of Corollary 6.10 



Corollary 6.13. Let n G N"*" and a G (0, 1). There exists a constant c such that 
for every p > c and every n* G Aut(G*) the following holds: 

If fi* stabilizes T* and pointwise fixes D then |T^, „| > «|T^. |. In particular, this 
is true for fi which is a product of field and diagonal automorphisms. 

As for Chevalley groups, every automorphism of G* is a product of the form ipm 
where i is an inner automorphism, k is a diagonal automorphism and </? is a field 
automorphism (there in no need for graph automorphisms). Note that this fact 
does not follow directly from the equivalent fact for Chevalley groups and requires 
a sperate proof which can be found in [Stj . The index of T* in T* is given in the 
following table: 

gcd(/ + l,g + l) gcd(4,g^ + l) 1 (3,g + l) 



We get an analog of lemma 6.12 



Lemma 6.14. Let k G N+ such that q = p'^ . If ^ E Aut(G*), then there are: a field 
automorphism (f , a diagonal automorphism n and an inner automorphism l such 
that ^ := (fUL and the order of fi* := (fn divides kz where z divides q — 1 and every 
prime factor of z divides 6(/ + 1). 

With the notations as above, we conclude: 

Corollary 6.15. Let d G N^ and fix a prime number m. Assume that p is a large 
enough prime which belongs to the series {a + hj)j^n and q = p^ for k < d where 
a := 1 + 6m(/ + l)^^!^ and b := 36m2(/ + l^dl^. Then for every ^ G Aut(G'g) 
and every C,* G Aut(G*) there are t G Inn(Gg), t* G Inn(G*), fj, G Aut(Gg) and 
fi* G Aut(G*) such that: 
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1. ^ = fit and ^* = fi*L* . 

2. fi{T) = T and fi*{T*) = T* . 

3. both fi and fi* pointwise fix D. 

4. m divides the order of D. 

5. ord(/x) and ord(/i*) divides 216(/ + l)^(i!^. 



Proof. Fix ^ and C,* and assume that q = p'^ for k < d. Lemmas 6.12 and 6.14 show 
that we can find l e Inn(G'g), l* e Inn(G*), /x G Aut(Gg) and /i* G Aut(G*) such 
that conditions 1,2,3 hold and the order of fi and /i* divide 6zk where z divides 
g — 1 and every prime factor of z divides 6(/ + 1). The above arithmetic progression 
imphes that 

g - 1 = / - 1 = 6mk{l + l)'^d\^ (mod 36m^(Z + l)^d\^). 

Thus, z divides 6mk{l + l)^(i!^ so it also divides 36(/ + l)^d\^. It follows that ord(//) 
and ord(/i*) divides 216(/ + 1)^6?!^. Finally, the size of D is p — 1 which is divisible 
by m. D 

6.6. Powers in extension of finite simple Lie groups. The main goal of this 



section is to prove Theorem 6.16 below. We start this section with a general discus- 
sion about powers in extension of finite groups. Let if be a finite group. Let G be 
a normal subgroup of H with trivial center. Let K he a coset of G in H. Our goal 
is to bound the size of {A;''" | A; G K} for some m G N"^. Fix some k E K and let 
C G Aut(G') be the automorphism induced by conjugation by k. Then 

\{k-^ \ k e K}\ = \{{gCr \ g e G}\ 

where in the right side G is viewed as a subgroup of Aut(G') . Hence, we only have 
deal with groups of the later form, i.e the case where H = Aut{G). 

Next, we focus on the case G = S^ where 5* is a non-abelian finite simple group 
and r G N"*". Every automorphism ( of the direct product S^ is of the form: 

(6) C(Sl, ■ ■ ■ ,Sr) = (6(-Sa{l)), ■ ■ ■ , ^r{Sair))) 

where Ci,--- ,^r ^ Aut(S') and a G Sym(r). Every permutation is a product of 
disjoint cycles ,say, a is a product of k cycles of lengthes ri, ■ ■ ■ , r^. By renumbering 
the copies of 5*^' and using the isomorphism S"^ c^ S^^ x • • • x S^'*" we can assume that 
there are Q G Aut(S'''') and ^ij G Aut(S') for 1 < i < A; and I < j < r^ such that 

C(-5l,--- ,Sk) = (Cl(si),--- XkiSk)) 

and 

S,il"5i,l, ■ ■ ■ }Si,ri) — [(^i,l[Si,ai{l))} ' ' ' ^ <,i,ri[Si,ai{ri)) ) 

where Si = (sj,i, ■ ■ ■ , Si^rJ £ S^^ and ctj = (r^ rj_i ■ ■ ■ 2 1) G Sym(rj). Note that if 

\{{-siCir \ si ^ S^^}\ < c\S\' 
for some constant c > then also 

\{{scr \ s e S^}\ < c\S\^ 



in 
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This allows us to restrict to the case where a is a cyclic permutation. 

Finally, let C E Aut(S''') as in equation [6] where a is the permutation (r---l). 
Denote x '■= (Pi; P2, ■ ' ' ; Pr) € Aut(S''') where pj := C,j ■ ■ ■ ^2 for j > 2 and pi := id. 
Conjugation by x allows us to replace ( with x~^CXy i-6- to assume that we have 
6 = ■ ■ ■ = Cr = id. 

The main theorem of this section is: 

Theorem 6.16. Let d, l.r G N^ he constants. There is a constant c G N+ such that 
for every number m > 2 the following claim holds: 

Let p be a prime which belongs to the arithmetic progression [a + bj)j>c where 

a := 1 + 6m(/ + ifdl"^ and b := 36m\l + l^dl'^. 

Let r be a finite group with a non-trivial normal subgroup A. Furthermore, assume 
that A is isomorphic to a product of at most r finite quasi simple groups of Lie type 
(not necessarily of adjoint type) of rank at most I over extensions of¥p of degree at 
most d. Then for every coset ^ of K the following inequity holds: 

Ks" I S e *}| < (1 - j;^) 1*1 

where n := 216(/ + l)^d\^ and Ci is the maximal size of a Weil group of rank I. 

Proof. We start with some reductions. The group A has a subgroup A^ normal in 
r such that K/N is isomorphic to a product of isomorphic finite simple Lie groups 
of adjoint type. We replace A with this quotient. We focus on the case where the 
finite simple Lie group is an Steinberg group G* of type $ over Fg with q := p'^ and 
A = {G*Y. The proofs of the other cases are similar. Furthermore, we can assume 
that m is a prime number. 



Define n = 216r(/ + 1) d\ . Corollary 6.13 allows us to choose a constant c such 



that Up belongs to the above series then |T^*,n| > f' I^m*I for every /i* G Aut(G'*) 
which stabilizes T and pointwise fixes D. We can further assume that c is large 
enough so that T* is a maximal-abelian subgroup of G* and Nq , (T*) = A^*. 

The discussion before the proof shows that it is enough to deal with the case 
r = Aut(A) and ^ = AC* where 



for some ^* G Aut(G'*). Corollary 6.15 allows us to replace (* with some represen- 
tative of A(* such that the new representative, still denoted by (*, stratifies 

Ci^l, ■ ■ ■ ,Sr) = {P*{Sr), Si, ■ ■ ■ , Sr-l) 

where /i* G Aut(G'*) satisfies conditions 2, 3, 4 and 5 of that corollary. This implies 
that the order of (* divides n. 



We are in position to verify that the requirements of Proposition |6.4[ The group 
T := (T*Y is a maximal-abelian subgroup of A and its normalizer is A^ := N/^{T) = 
{N*Y. In particular, [N : f] < \W{<I>)\\ Note that Tc*,ord(c-) ^ T^*,n since ord(C*) 
divides n. Thus, 
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|rf*,ord(c)l > fl^cl since T^* = (T^*)'' and T^*,„ = {T*,J''. 

m divides the order of T^* since it contains the subgroup D"^ and m divides 

\D\. 



Proposition 6.4 together with the last two points shows that 



where c„ is the number of elements of T such that their orders divide n. However, 
f = {T*y (Z T'' CI f"" ^ {¥\y where F* is the multiplicative group of F^ so 



The next Corollary is stated with the notations of Proposition 3.7[ 



Corollary 6.17. For n >2 every there is a constant c for which the following claim 
holds: 

Let r be a subgroup of GL„(Q) such that its Zariski- closure is semisimple. Let 
k e M"^ be large enough and let 2 < m < k"^ . Then there are two coprime natural 
numbers 2 < a,b < k^ such that for every prime p which belongs to the arithmetic 
progression {a+bj)j>i and every two coset C,D E Tp/Ap, the size of{g"^ \ g G D}r\C 
is at most (1 — c)|Ap|. 

References 

[BGSl] J. Bourgain, A. Gamburd and P. Sarnak, Affine linear sieve, expanders, and sum-product, 

Invent. Math. 179 (2010), no. 3, 559-644. 
[BGS2] J. Bourgain, A. Gamburd and P. Sarnak, Generalization of Selberg's 3/16 Theorem and 

Affine Sieve, arXiv:0912.5021 
[BGT] E. Breuillard, B. Green and T. Tao, Approximate subgroups of linear groups, 

[arXrv:1005.1881 . 
[Ca] R.W. Carter, Simple groups of Lie type. Pure and Applied Mathematics, Vol. 28. John 

Wiley & Sons, London-New York-Sydney, 1972. viii-f 331 pp. 
[Da] H. Davenport, Multiplicative number theory Second edition. Revised by Hugh L. Mont- 
gomery. Graduate Texts in Mathematics, 74. Springer- Verlag, New York-Berlin, 1980. 

xiii-f 177 pp. 
[FI] J. Friedlander and H. Iwaniec, Opera de cribro. American Mathematical Society Colloquium 

Publications, 57. American Mathematical Society, Providence, RI, 2010. xx -1-527 pp. 
[He] H.A. Helfgott, Growth and generation in SL2(Z/pZ), Ann. of Math. (2) 167 (2008), no. 2, 

601-623. 
[HLW] S. Hoory, N. Linial and A. Wigderson, Expander graphs and their applications. Bull. Amer. 

Math. Soc. (N.S.) 43 (2006), no. 4, 439-561. 
[HKLS] E. Hrushovski, P.H. KrophoUer, A. Lubotzky and A. Shalev, Powers in finitely generated 

groups, Trans. Amer. Math. Soc. 348 (1996), no. 1 
[JKZ] F. Jouve, E. Kowalski and D. Zywina Splitting fields of characteristic polynomials of random 

elements in arithmetic groups. | arXiv:1008.3662| 
[Ko] E. Kowalski, The Large Sieve and Its Applications, Arithmetic geometry, random walks 

and discrete groups. Cambridge Tracts in Mathematics, 175. Cambridge University Press, 

Cambridge, 2008. xxh-t-293 pp. 



SIEVE METHODS IN GROUP THEORY I: POWERS IN LINEAR GROUPS 33 

[Lul] A. Lubotzky, Discrete groups, expanding graphs and invariant measures, with an appen- 
dix by Jonathan D. Rogawski. Reprint of the 1994 edition. Modern Birkhuser Classics. 

Birkhuser Verlag, Basel, 2010. iii+192 pp. 
[Lu2] A. Lubotzky, Expander Graphs in Pure and Applied Mathematics. Bull. AMS, to appear. 

larXiv:1105.2389 vl. 
[LuMa] A. Lubotzky and A. Mann, On groups of polynomial subgroup growth. Invent. Math. 104 

(1991), no. 3, 521-533. 
[LuMel] A. Lubotzky, C. Meiri, Sieve methods in group theory II: The Mapping Class Group. 

Preprint. 
[LuMe2] A. Lubotzky and C. Meiri, Sieve methods in group theory III: Aut(i^„). Preprint. 
[LMR] A. Lubotzky, S. Mozes and M.S. Raghunathan, The word and Riemannian metrics on 

lattices of semisimple groups. Inst. Hautes E'tudes Sci. Publ. Math. No. 91 (2000), 5-53 

(2001). 
[LuSe] A. Lubotzky and D. Segal, Subgroup growth. Progress in Mathematics, 212. Birkha"user 

Verlag, Basel, 2003. 
[LW] S. Lang and A. Weil, Number of points of varieties in finite fields. Amer. J. Math. 76, 

(1954). 819-827. 
[Mah] J. Maher, Random walks on the mapping class group, arXiv:math/0604433 
[Mai] A.I. Mal'cev, Homomorphisms onto finite groups. Ivanov. Gos. Ped. Inst. Uchen. Zap. Fiz- 

Mat. Nauki 8 (1958), 49-60. 
[Mi] J.S. Milne, Algebraic number Theory. Online: www.jmilne.org/math/CourseNotes/. 
[No] M.V. Nori, On subgroups o/GL„(Fp). Invent. Math. 88 (1987), no. 2, 257-275. 
[PS] L. Pyber and E. Szabo, Growth in finite .simple groups of Lie type of bounded rank, 

arXiv:1005.1858', 
[Ri] I. Rivin, Walks on groups, counting reducible matrices, polynomials, and surface and free 

group automorphisms, Duke Math. J. 142 (2008), no. 2, 353-379. 
[SGV] A. Salehi-Golsefidy and P. Varju. Expansion in perfect groups. Preprint. 
[St] R. Steinberg, Automorphisms of finite linear groups. Canad. J. Math. 12 (1960) 606-615. 
[Va] P. Varju. Expansion in SLd{OK/I), I square-free. |arXiv:1001.366"4| yl. 
[We] B. Weisfeiler, Strong approximation for Zariski-dense subgroups of semisimple algebraic 

groups. Ann. of Math. (2) 120 (1984), no. 2, 271-315. 

Einstein Institute of Mathematics, Hebrew University, Jerusalem 90914, Israel 
E-mail address: alexlub@inath.huji.ac.il, chen.nieiriQmail.huji.ac.il 



